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Intersecting Set Systems

I A k-set system is a collection of subsets from{1,2, . . . ,n}
in which each subset of size k .

I A k -set system is t-intersecting if for all sets A,B in the
system

|A ∩ B| ≥ t .

How big can a t-intersecting k -set system be?

Which systems have maximum size.

Answer must depend on n, for example, if 2k − t ≥ n any two
k -sets will be t-intersecting!
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Examples

A 1-intersecting 3-set system on a 6-set:

123 124 125 126 134
135 136 234 235 236

Every set has at least two elements from {1,2,3}.
Another example:

123 124 125 126 134
135 136 145 146 156

The collection of all k -sets that contain a fixed t-set is called a
trivially t-intersecting k-set system.
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Erdős-Ko-Rado Theorem

Theorem (Erdős, Ko and Rado (1961))

Let F be a t-intersecting k-set system on an n-set. For n sufficiently
large (relative to k and t),

1. |F| ≤
(n−t

k−t

)
,

2. and F meets this bound if and only if it is a trivially t-intersecting
set system.

I Wilson 1984 For n > (t + 1)(k − t + 1) the largest
t-intersecting set system is a trivially t-intersecting set system.

I Ahlswede and Khachatrian 1997 Gave the maximal
t-intersecting k -set system for all values of n.
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Ahlswede and Khachatrian

Define the system of k -subsets from {1, ...,n}

Fi = {A ∈
(

[n]

k

)
: |A ∩ {1,2, ..., t + 2i}| ≥ t + i}

I Every k -set A in Fi has at least t + i elements from
{1,2, ..., t + 2i}

I The system Fi is a t-intersecting k -set system.
I The system F0 is trivially intersecting.

If

(k − t + 1)

(
2 +

t − 1
i + 1

)
< n < (k − t + 1)

(
2 +

t − 1
i

)
,

then Ai is the unique (up to a permutation on {1, . . . ,n})
t-intersecting k -set system with maximal cardinality.
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Erdős-Ko-Rado for Permutations

Two permutations σ and π from the symmetric group on n
vertices are intersecting if for some i ∈ {1,2, . . . ,n}

σ(i) = π(i).

There are clear candidates for the largest system:

Fi,j = {σ ∈ Sn with σ(i) = j}

for any i , j ∈ {1, . . . ,n}.
These are coset of the stabiliser of a point.
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EKR for Permutations

Theorem (Cameron and Ku (2003), Larose and
Malvenuto (2003), Godsil and Meagher (2007), )

Let F be a system of intersecting permutations on n-elements.
Then

1. |F| ≤ (n − 1)!

2. If equality holds then F = Fi,j for some i , j ∈ {1, . . . ,n}.

I Cameron and Ku - used a compression like the original
proof of Erdős-Ko-Rado

I Larose and Malvenuto - proved a more general result use
graph theory

I Godsil and Meagher - used an arguement with
eigenvectors.
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Derangement Graph

Define a graph D(n) with
I vertex set is the set of all permutations from Sn,

I and permutations σ and π adjacent if and only if σ−1π is a
derangement (has no fixed points.)

Fact about D(n):
I D(n) is vertex transitive.
I An independent set is a system of intersecting

permutations.
I A maximum clique has size n (rows of a Latin square.)
I A maximum indpendent set has size no more than (n − 1)!

(Have bound easily, uniqueness is the hard part.)
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Eigenvalues

I The largest eigenvalue for D(n) is the number of
derangements of n elements d(n).

I The smallest eigenvalue is −d(n)
n−1 .

Equitable paritions of permutations that fix 1 and
permutations that don’t fix 1.

By Hoffman’s ratio bound we have

α(D(n)) ≤ |V (D(n))|
1− d(n)

τ

=
n!

1− d(n)
d(n)
n−1

= (n − 1)!

How do we show that the Fi,j are all the maximum
independent sets?
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Larger Intersection

Define a graph Dt(n) with
I vertex set is the set of all permutations from Sn,

I and permutations σ and π adjacent if and only if σ−1π has
no more than t fixed points.

Fact about D(n):
I D(n) is vertex transitive.
I An independent set is a system of t-intersecting

permutations.
I What is a maximum clique?
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Cliques in Dt(n)

A set H ⊆ Sn is called sharply t-transitive if for any (ordered?)
t-set a1,a2, · · · at and any other t-set b1,b2, · · · ,bt there exists
a unique permutation π ∈ H such that π(ai) = bi .

Deza and Frankl pointed out that a sharply t-transitive subset is
a clique of size n(n − 1) · · · (n − t + 1). If such a subset exists
then we have the bound.
Fix a t-set, each h ∈ H maps it to a unique t-set so
|H| = n(n − 1) · · · (n − t + 1). If σ, π ∈ H then σ−1π agree in
fewer than t elements (else σ and π would map a t-set to the
same t-set)
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Eigenvalues for t > 1

I The graph Dt(n) a union of graphs in an association
scheme.

I Don’t get a nice eigenvalue bound from the adjacency
matrix of Dt(n).

I But we can use weight sum the graphs in the union

Theorem (Ellis (2008))

Let F be a system of t-intersecting permutations on
n-elements. Then provided that n is sufficiently large

1. |F| ≤ (n − t)!

I Ellis doesn’t give a lower bound for n don’t have
uniqueness.

I Don’t have what happens for small values of n.
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What about Small n?

Define systems of permutations

Fi = {σ : | fix(σ) ∩ {1,2, ..., t + 2i}| ≥ t + i}

Every permutation in F fixes at least t + i of the t + 2i points in
{1,2, ..., t + i}.
The system F0 is trivially intersecting.
Assume that = t + 2i ≤ n.

Conjecture

For every n the largest t-intersecting permutation system is a Fi
for some i

Conjecture

If n ≥ 2t + 1 then F0 is the largest system.
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