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@ TP, Partial Order and Bruhat Partial Order
1 TP,=Bruhat
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@ TP, Matrix: An m X n matrix in which every minor of size at
most 2 is positive.
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@ TP, Matrix: An m X n matrix in which every minor of size at
most 2 is positive.
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o TP, Comlipletion: Replacing unspecified entries by numbers
such that the resulting matrix is TP,.
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@ TP, Comlpletion Problem: For which patterns, does every partial
TP, matrix have a TP, completion?
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@ TP, Comlpletion Problem: For which patterns, does every partial
TP, matrix have a TP, completion?

@ Example:
X 70X
7 X X
X X X
o
I x 1
y 2 3 x =y =1, TP, Completable
1 35
o
X
y 1 2 <y < 1,Not TP, Completable
2 1 3
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an X2 ap
P=| xa an ax
asy daszy dasz

Partial TP, matrix P is TP, completable iff ai1a3a30 > ajzarnas;.
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Bruhat Order on Permutations

@ Upward Transposition: for m € S, a transposition of i and j
when i < jand 7(i) < 7(j).
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@ Upward Transposition: for m € S, a transposition of i and j
when i < jand 7(i) < 7(j).

@ Bruhat Order: Suppose ™ # o € S,. If o can be obtained from m
by a sequence of upward transpositions, then 7 is said to be less
than o in the Bruhat partial order. We denote this by m <p, 0.
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Bruhat Order on Permutations

@ Upward Transposition: for m € S, a transposition of i and j
when i < jand 7(i) < 7(j).

@ Bruhat Order: Suppose ™ # o € S,. If o can be obtained from m
by a sequence of upward transpositions, then 7 is said to be less
than o in the Bruhat partial order. We denote this by m <p, 0.

o Example:
2143 <p, 2413 <p, 3412
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Notations
@ Let 7 be a permutation on/ C {1,2,...,n}, then
My = [mjj] € M,, defined as following

e — 1, ifj=mn(i)foriel
Y0, otherwise
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Notations

@ My[p, q] : the number of ones in the submatrix of M lying in the
rows 1,2,...,pand columns 1,2,...,q.

1
1 /% ... %
* k
M, =
p * k

TP, Completion Problem



For two permutations o # 7 € S, ™ <p, o if and only if
My[i,j] > M[i,j]l foralli,j € {1,2,...,n}.
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For two permutations o # 7 € S, ™ <p, o if and only if
My[i,j] > M[i,j]l foralli,j € {1,2,...,n}.

1 ... ¢ 1 q

1 /% ... % 1/ * *
M7r: >ULMG':

p k * p * k
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@ Given a matrix A € M,, and a permutation © € S, let

A7r = rl" lam(i).

=
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@ Given a matrix A € M,, and a permutation © € S, let
Ar = T @i (i)-
@ TP, Partial Order: If w,0 € S, are such that
Ar < A,, VA € TPy(n,n),
then 7 is less than ¢ in the TP, partial order. We denote this as

™ <rtp, O.
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Form,o € Sy, ™ # 0, we have 0 <p, 7 if and only if T <7p, 0.
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Form,o € Sy, ™ # 0, we have 0 <p, 7 if and only if T <7p, 0.

@ m<lrp, 0 =0 <pr T
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A matrix A > 0is TP, if an only if Ay < A, whenever o <p, T.

TP, Completion Problem



A matrix A > 0is TP, if an only if Ay < A, whenever o <p, T.

@ (0<pm=Ar<A;)=AisTP,

aij Ai(j+1)

Ai+1  A(i4+1)(j+1)

es R. Johnson, 2 TP, Completion Problem



Thank You!

Completion Problem



