Chasing robbers on random graphs: zigzag
theorem

Pawe Pra at

Department of Mathematics and Statistics, Dalhousie University

2nd Canadian Discrete and Algorithmic Mathematics
Conference 2009

Pawe Praat Chasing robbers on random graphs: zigzag theorem



Q Introduction and De nitions

9 Dense Graphs
e Sparse graphs

@ Open problem

Pawe Praat Chasing robbers on random graphs: zigzag theorem



Introduction and De nitions

Outline

Q Introduction and De nitions

Pawe Praat Chasing robbers on random graphs: zigzag theorem



Introduction and De nitions

/

CcC
R

() [
N

Pawe Praat Chasing robbers on random graphs: zigzag



Introduction and De nitions

/

M /
U C

Pawe Pra at



Introduction and De nitions

™
) U R

M /
U C

Pawe Pra at



Introduction and De nitions

™
) U R

A -
\®

Pawe Praat Chasing robbers on random graphs: zigzag



Introduction and De nitions

B
) R)

Pawe Praat Chasing robbers on random graphs: zigzag



Introduction and De nitions

) ®) C

C O C

Pawe Praat Chasing robbers on random graphs: zigzag



Introduction and De nitions

R) ) C

C O C

Pawe Praat Chasing robbers on random graphs: zigzag



Introduction and De nitions

R) ©

() [
N

Pawe Praat Chasing robbers on random graphs: zigzag



Introduction and De nitions

Q) ©

() [
N

Pawe Praat Chasing robbers on random graphs: zigzag



Introduction and De nitions

As placing a cop on each vertex guarantees that the cops win,
we may de ne the cop number, written co(G), which is the
minimum number of cops needed to win on G.
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we may de ne the cop number, written co(G), which is the
minimum number of cops needed to win on G.

The game of distance k Cops and Robbers is played in an
analogous as is Cops and Robbers, except that the cops win if
a cop is within distance at most k from the robber.
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Introduction and De nitions

As placing a cop on each vertex guarantees that the cops win,
we may de ne the cop number, written co(G), which is the
minimum number of cops needed to win on G.

The game of distance k Cops and Robbers is played in an
analogous as is Cops and Robbers, except that the cops win if
a cop is within distance at most k from the robber.

The minimum number of cops which possess a winning

strategy in G playing distance k Cops and Robbers is denoted
by ¢k (G).
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@ co(T)= 1foranytree T,
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Introduction and De nitions

@ co(T)= 1foranytree T,
@ co(Ky)= 1forn 3,
® co(Cp) = 2forn 4.

Theorem (Nowakowski, Winkler, 1983)
The cop-win graphs (that is, graphs G with co(G) = 1) are
exactly those graphs which are dismantlable: there exists a

linear ordering (x; : 1 j n) of the vertices so that for all
2 | n;thereisai < jsuch that
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Introduction and De nitions

@ co(T)= 1foranytree T,
@ co(Ky)= 1forn 3,
® co(Cp) = 2forn 4.

Theorem (Nowakowski, Winkler, 1983)
The cop-win graphs (that is, graphs G with co(G) = 1) are
exactly those graphs which are dismantlable: there exists a

linear ordering (x; : 1 j n) of the vertices so that for all
2 | n;thereisai < jsuch that

Characterizations of k-cop-win graphs (Clarke, MacGillivray,
2009+)
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Theorem (Bonato, Chiniforooshan, Pra at, 2009+)

For any integer k 0, computing ck(G) is NP-hard.
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Theorem (Bonato, Chiniforooshan, Pra at, 2009+)

For any integer k 0, computing ck(G) is NP-hard.

Theorem (Bonato, Chiniforooshan, Pra at, 2009+)

For any integer k 0, there is an algorithm for answering
ck(G) s thatrunsin time O(n%s*3).
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Introduction and De nitions

Our main results refer to the probability space
G(n;p) =( ;F;P) of random graphs, where is the set of all

subsets of , and for every G 2

P(G) = piE@i(1 p)(g)j E(G)j -
It can be viewed as a result of r21 independent coin ipping,
one for each pair of vertices, with the probability of success
(that is, drawing an edge) equal to p (p = p(n) can tend to zero
with n).
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Introduction and De nitions

Our main results refer to the probability space
G(n;p) =( ;F;P) of random graphs, where is the set of all

subsets of , and for every G 2

P(G) = piE@i(1 p)(g)j E(G)j -
It can be viewed as a result of r21 independent coin ipping,
one for each pair of vertices, with the probability of success
(that is, drawing an edge) equal to p (p = p(n) can tend to zero
with n).

We say that an event holds asymptotically almost surely (a.a.s.)
if it holds with probability tendingto 1 asn!1
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Dense Graphs

Q: When does a random graph have constant cop number?
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Dense Graphs

Q: When does a random graph have constant cop number?

A: p(n) has to tend to 1 with n.

Theorem (Pra at, 2009+)
Letk 2 Z, and

1
klogn+ a, &

p=pn)=1 -

Then the following holds:
o ifa,! 1 ,then a.a.s. co(G(n;p)) K,

@ ifay! a2 R, then the probability that co(G(n;p)) = k
tendstol e © **!:cy(G(n;p)) = k + 1 otherwise,

@ ifas!'1l ,thena.as. co(G(n;p)) k+ 1.
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Dense Graphs

Forp=p(n)<1,dene Lhn=log 1 n.
1p

Theorem (Bonato, Pra at, Wang, 2009+)

Ifd=pn 2 nlognand! (n) is any function tending to
in nity, then a.a.s.

Ln L (p Ln)(logn) co(G(n;p)) Ln+ L(!(n)):
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Theorem (Bonato, Pra at, Wang, 2009+)

Ifd=pn 2 nlognand! (n) is any function tending to
in nity, then a.a.s.

Ln L (p Ln)(logn) co(G(n;p)) Ln+ L(!(n)):

Upper bound: any set of K = Ln+ L(! (n)) vertices is a
dominating set a.a.s.

Pawe Praat Chasing robbers on random graphs: zigzag theorem



Dense Graphs

Forp=p(n)<1,dene Lhn=log 1 n.
1p

Theorem (Bonato, Pra at, Wang, 2009+)

Ifd=pn 2 nlognand! (n) is any function tending to
in nity, then a.a.s.

Ln L (p Ln)(logn) co(G(n;p)) Ln+ L(!(n)):
Upper bound: any set of K = Ln+ L(! (n)) vertices is a
dominating set a.a.s.

Lower bound: Graph is (1; k)-existentially closed for

k=Ln L (p Ln)(logn) . (Foreachk-setS V and vertex
u 2 S, thereisavertex z 2 S not joint to a vertex in S and
joined to u.)
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Dense Graphs

Corollary (Bonato, Pra at, Wang, 2009+)

Ifd=np=n *°M where 1=2 < 1, then a.a.s.

co(G(n;p)) = ( logn=p) = nt *o

and co(G(n;n 172to(1)) = pl=2to(1) 3 a5
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Dense Graphs

Corollary (Bonato, Pra at, Wang, 2009+)

lfd = np=n *°M, where 1=2 < 1, then a.a.s.
co(G(n;p)) = ( logn=p)= nt *om

and co(G(n;n 172to(1)) = pl=2to(1) 3 a5

Let us de ne the function f: (0;1)! Ras

logco(G(n;n 1))
logn '

f( )=

where co(G(n;p)) denotes the most likely value of the cop
number for G(n; p).
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Sparse graphs

Theorem (Bollobas, Kun, Leader, 2009+)

If p(n) 2:1logn=n,thena.a.s.

1 1 loglog(np) 9

(np)2n§ ogiogne) o (G(N; p)) 160000pﬁlogn:

Pawe Praat Chasing robbers on random graphs: zigzag theorem



Sparse graphs

Theorem (Bollobas, Kun, Leader, 2009+)

If p(n) 2:1logn=n,thena.a.s.

1 1 loglog(np) 9

(np)2n§ ogiogne) o (G(N; p)) 160000pﬁlogn:

Since if either np = n°® or np = n172*°() then a.a.s.
co(G(n; p)) = n¥¥2+°(M it would be patural to assume that the
cops number of G(n; p) is close to ' n also fornp = n *°(@),
where0< < 1=2
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Sparse graphs

Theorem (uczak, Pra at, 2009+)
LetO< < landd=d(n)= np=n *°0,
(% ] Ifﬁ< < lefor somej 1,thena.a.s.

co(G(n;p)) = ( di):
Q Ilej< < ﬁforsomej 1, then a.a.s.

& = co(G(nip)= O

T logn
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Sparse graphs

Theorem (uczak, Pra at, 2009+)
LetO< < landd=d(n)= np=n *°0,
(% ] Ifﬁ< < lefor somej 1,thena.a.s.

co(G(n;p)) = ( d)):

Q Ilej< < ﬁforsomej 1, then a.a.s.

n n
a - Co(G(n;p)) = O EIogn

We get a good upper estimate for cg(G(n; p)) also for
d = n¥¥+o() (k = 2;3;:::), and our argument for lower bound
can be repeated in this case to determine cq(G(n;p)) up to
Iogo(l) n factor in the whole range of p, provided

ntl p " for some " > 0.
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Sparse graphs

Upper bound

Assume rst that (nlogn)¥=@+1 d n1=2) Wwe place
5000(10d)' cops uniformly at random on vertices of G(n; p).
Then, the robber selects his vertex v. Now, we assign to each
vertex u in Nj(v) nN; 1(v) the unique cop that occupies a
vertex in N+ 1(u).
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Sparse graphs

If this can be done, then cops assigned to vertices are moving
into their destinations and after i + 1 steps the robber is
surrounded. Finally, the cops move towards the robber
eventually capturing him.

In order to show that the above strategy is a.a.s. winning, we
use Hall's theorem for matchings in bipartite graphs.
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Sparse graphs

One can mimic the above argument to show that if _
ni=@+2) ¢ n1=2+1) then a.a.s. 5000nlog n=(0:1d)**
cops can win the game.
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Sparse graphs

One can mimic the above argument to show that if _
ni=@+2) ¢ n1=2+1) then a.a.s. 5000nlog n=(0:1d)**
cops can win the game.

The difference in the estimates of the cop number follows from
the fact that in the immediate pursuit strategy only cops who
are within distance 2i + 1 from the robber are “active', that is,
they can take part in the chase. In the previous case all but a
small fraction of cops were active.
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Sparse graphs

Distance k Cops and Robbers

wl= o NE

o=
o=
5
w
N
—

(joint work with Bonato and Chiniforooshan)
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Open problem

It follows from the Zigzag Theorem that the cop number of
G(n;p) is always O(' nlogn) provided the graph is connected.
It supports Weithe conjecture of Meyniel that

co(G) = O( jVj) for any connected graph G which would be
best possible.
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Open problem

It follows from the Zigzag Theorem that the cop number of
G(n;p) is always O(' nlogn) provided the graph is connected.
It supports Weithe conjecture of Meyniel that

co(G) = O( jVj) for any connected graph G which would be
best possible.

Theorem (Frankl, 1987)

nloglogn

Co(n)= O logn
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Open problem

It follows from the Zigzag Theorem that the cop number of
G(n;p) is always O(' nlogn) provided the graph is connected.
It supports Weithe conjecture of Meyniel that

co(G) = O( jVj) for any connected graph G which would be
best possible.

Theorem (Frankl, 1987)

nloglogn

Co(n)= O logn

Theorem (Bonato, Chiniforooshan, Pra at, 2009+)

For integersn > 0and k 0 (where k can be a function of n)
0 1

n log(k + 2)A

c(n)= 0@
log 2% k+1
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Open problem

According to the combinatorial de nition, a projective plane
consists of a set of lines and a set of points with the following
properties:

@ Given any two distinct points, there is exactly one line
incident with both of them.

@ Given any two distinct lines, there is exactly one point
incident with both of them.

@ There are four points such that no line is incident with more
than two of them.
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Open problem

Below, we present the Fano plane, the projective plane with the
least number of points and lines: 7 each.
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Open problem

One can show that a projective plane has the same number of
lines as it has points. A nite projective plane has g2+ q+ 1
points, where g is an integer called the order of the projective
plane.

It has been shown that there exists a nite projective plane o f
order q, if g is a prime power (that is, g = p? for a prime
number p anda 1), and for all known nite projective planes,
the order g is a prime power. The existence of nite projective
planes of other orders is an open question.
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Open problem

Finally, for a xed prime power q, let Gq = (P;L;E) be a
bipartite graph with bipartition P; L where P and L denote the
set of points and, respectively, lines in the projective plane. A
point is joined to a line if it is contained in it. Then G4 has
2(gq%+ q+ 1) many vertices and is (q + 1)-regular.
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Open problem

Finally, for a xed prime power q, let Gq = (P;L;E) be a
bipartite graph with bipartition P; L where P and L denote the
set of points and, respectively, lines in the projective plane. A
point is joined to a line if it is contained in it. Then G4 has
2(gq%+ q+ 1) many vertices and is (q + 1)-regular.

Theorem (Pra at, 2009+)
co(Gg)=q+1

Corollary (Pra at, 2009+)

There is ag in ni in nite family of gralphs fGn = = ([ n]; E)g with

n=8 and co(Gn) > n=2 n%2625 for n suf ciently

Co(én) >

large.
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