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Goal of this first lecture

Goal that we will try to reach
The aim of this first talk is to present some numerical methods for
computing the dynamics of Nonlinear Schrödinger/Gross-Pitaevskii
equations for quantum mechanics/Bose-Einstein Condensates (BEC)
This GPE is an interesting choice of nonlinear Schrödinger equation
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Extremely complex physics facts simply reported by an applied
mathematician

The simple (truncated) wiki definition
A Bose-Einstein Condensate (BEC) = state of matter of a dilute gas of bosons
cooled to temperatures very near absolute zero (0 K or −273.15oC). Under
such conditions, a large fraction of the bosons occupy the lowest quantum
state, at which point quantum effects become apparent on a macroscopic scale.
These effects are called macroscopic quantum phenomena.
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Figures in the history of BECs

Predicted by Satyendra Nath Bose and Albert Einstein (1924-25).

Figure: Bose and Einstein.
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Figures in the history of BECs

First experiments (1995) by Cornell, Wieman (Boulder) and Ketterle
(MIT) who received the 2001 Nobel Prize in Physics

Figure: Wieman, Cornell and Ketterle.
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Models

Mathematical modeling
Different mathematical models to describe the complex physics behind
BECs.a b

Here, we consider the Gross-Pitaevskii Equation (GPE) which is an
approximation model for BECs based on averaging and a special
NonLinear Schrödinger Equation (NLSE)

aL. Pitaevskii & S. Stringari, Bose-Einstein Condensation, Oxford Science Publication, 2003.
bC.J. Pethick & H. Smith, Bose-Einstein Condensation in Dilute Gases, Cambridge University

Press, 2001.
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Figures in the history of BECs

Figure: Gross and Pitaevskii.
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Why numerics?

Motivations for developing numerical methods
These developments are now growing rapidly in theoretical and experimental
physics because of potential long term revolutionary applications (cold atoms
lasers, quantum computers)
The numerical simulations are then extremely important for predicting the
behavior of BECs but also challenging because of the complexity of the
phenomenon and the fact that it is almost impossible to compare to experimental
results
Here we try to focus on problems related to BEC in rapid rotation and for strong
nonlinearities where giant quantized vortices (topological defects) are created
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Giant vortex creation: Abrikosov lattice

Figure: BEC under rapid rotation (Cornell group, 2010).
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Goal of this first lecture

Goal that we will try to reach
Give a few schemes and their good/bad properties for computing solutions
to time-dependent nonlinear Schrödinger equations
Provide some extensions when computing the dynamics of BECs by using
the GPE
We remark that the GPE is only an illustrative example of a Schrödinger
equation. The linear and nonlinear Schrödinger equations appear in many
areas of physics and engineering: acoustics, electromagnetics, optics, laser
and quantum physics, hydrodynamics...
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Time-dependent GPE without rotating term

For x ∈ Rd , t > 0, we assume that we know an initial data (for example a
ground state) ψ0 := ψ0(x) and we want to compute its evolution through the
following Schrödinger (GP) equation

Time-dependent GPE without rotating term

i∂tψ(x, t) = −1
2∆ψ(x, t) + V (x)ψ(x, t) + βf (|ψ(x, t)|2)ψ(x, t) (2.1)

where
ψ is the condensate wave function, d = 1, 2, 3,
the Laplace operator is defined by: ∆ = ∇2, where ∇ := (∂x , ∂y, ∂z)t is
the gradient operator
the spatial variable is x = (x, y, z)t ∈ R3

for 2d problems we have ∇ := (∂x , ∂y)t and x = (x, y)t ∈ R2

the time is t.
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Time-dependent GPE without rotating term

Time-dependent GPE without rotating term
Function V is the external potential (for example harmonic
= ±(x2 + y2)/2) (could also be time-dependent in some cases)
Parameter β is the nonlinearity strength (related to the s-scattering length
as). It is positive for a repulsive interaction and negative for attractive
interactions.
Function f describes the nonlinearity arising in the problem, which is fixed
e.g. to the cubic case: f (|ψ|2) = |ψ|2

No rotation Ω := 0
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Examples of ψ0: an explicit function or a function built numerically as a
stationary solution of the NLSE

(a) harmonic + exponential potentials
β = 600, Ω = 0

(b) quadratic + quartic potential
β = 1000, Ω = 3.5

Figure: Converged ground states (computed by a Conjugate Normalized Gradient
Flow implemented in GPELab).
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Properties of the NLSE

Time invariance
A first property of the NLSE is the time invariance. This means that the
equation is time reversible: the equation is stable with respect to the time
change of variable t → −t.

Invariance by phase shift or gauge invariance
A second property is known as invariance by phase shift or gauge invariance:
if ψ̃ is the solution to (2.8), then ψ = ψ̃e−iαt is solution to (2.8) with
V → V + α.
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Properties of the NLSE

Invariants: mass conservation
The mass is defined by

N (t) = N (ψ(t, ·)) :=
∫
Rd
|ψ|2dx, ∀t > 0. (2.2)

Then we can prove that we have the mass conservation

N (t) = N (0). (2.3)
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Properties of the NLSE

Invariants: energy conservation
Another conserved quantity is the energy: let us introduce the energy
functional Eψ as

Eψ :=
∫
Rd

1
2 |∇ψ|

2 + V (x)|ψ|2 + F(|ψ|2)dx, ∀t > 0. (2.4)

where the primitive F of f is defined as

F(λ) :=
∫ λ

0
f (λ)dλ. (2.5)

Then we have the energy conservation property

Eψ = Eψ0 . (2.6)
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Properties of the NLSE

Dispersion
A last property of interest is related to the dispersion relation providing hence
special solutions: the plane wave

ψ(t,x) = aei(k·x−ωt)

is solution to system (2.1) (with V = 0) if the following nonlinear dispersion
relation holds

ω = ||k||
2

2 + f (|a|2), (2.7)

where || · || is the usual 2-norm for complex valued vector fields: ||x||2 = x · x,
with x · y :=

∑
1≤j≤d xjyj , for any x = (x1, ..., xd) ∈ Cd and

y = (y1, ..., yd) ∈ Cd .
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Requirements on the discretization

From continuous to discrete equations
Concerning the numerical methods, we will precise when a numerical method is
able or not to reproduce these important properties at the discrete level.
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We restrict to the 1d case: d = 1

1d GPE = NonLinear Schrödinger Equation (NLSE)

i∂tψ(t, x) = −1
2∆ψ(t, x) + V (x)ψ(t, x) + βf (|ψ(t, x)|2)ψ(t, x)

ψ(0, x) = ψ0(x), x ∈ R.
(2.8)
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Exact solutions

Some explicit solutions
For example, for the focusing cubic nonlinearity (with β < 0) and in the
absence of potential, the one-dimensional NLSE admits the well-known bright
soliton

ψB(t, x) = a√
−β

sech(a(x − vt − x0))ei(vx− 1
2 (v2−a2)t+θ0), (2.9)

for x ∈ R2, t ≥ 0. The amplitude of the wave function is a√
−β

with a a real
constant, v is the velocity of the soliton, x0 and θ0 are the initial shifts in space
and phase, respectively.
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Exact solutions

Some explicit solutions
Since the soliton solution is exponentially decaying for |x| → +∞, then the
mass and energy are well defined and given by:

N (ψB) = −2a/β

and
EψB = av2

−β + a3

−3β .

Dark (black and grey) solitons related to defocusing media can also be built
explicitly through the inverse scattering methods.

Some explicit solutions
For the linear one-dimensional equation (f = 0), exact solutions can also be
obtained for special potentials: null and time dependent (but space
independent) potentials, linear or harmonic potentials for initial gaussian data.
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Goal: choice of methods

Methods that are chosen
I propose to present the ”popular’ methods in the sense that they are used and
satisfy some of the previous properties of the NLSE at the discrete level

time reversibility
gauge invariance
mass/energy conservation
dispersion relations
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Discretization/truncation

Discretization
We first consider a uniform discretization in time: tn = n∆t, for n ∈ N.

Spatial truncation
We consider the homogeneous Dirichlet boundary condition ψ = 0 which is
imposed at the two fictitious endpoints {x`; xr}. This implies that the
computational domain is now ]x`; xr [. We will discuss with more details the
question of the choice of the boundary condition in Lectures II and III.
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Discretization in space

Initial data
The approximate initial data is denoted by ψ0 and is such that ψ0 := ψ0 on the
bounded computational domain, 0 otherwise. In practice, ψ0 is compactly
supported in ]x`; xr [ or has a gaussian profile which makes the approximation
valid as soon as x` and xr are well chosen. It can also be a ground/excited
state computed e.g. with one of the methods of Lecture I. In the case where
the solution is not confined, then much more be done concerning the boundary
condition (Lectures II and III).

Spatial truncation
Let us set x0 := x` and xJ := xr . We consider a uniform discretization of the
computational domain by J segments of length

h := (xJ − x0)/J ,

setting xj := x0 + jh, j ∈ J := {j ∈ N; 0 ≤ j ≤ J}.
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Discrete unknown

What are we looking for?
We now seek an approximation ψn+1

j of the solution ψ at the discretization
points (tn , xj), i.e.

ψn+1 := (ψn+1
j )j∈J0 ∈ CJ−1,

with J0 := J / {0; J} (since ψn+1
0,J := 0).
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Scheme 1: Crank-Nicolson Finite Difference (CNFD) scheme (Delfour,
Fortin, Payr, JCP, 1981)

The scheme reads

i
∆t I(ψ

n+1 − ψn) = −1
2 [[∆h ]](ψ

n+1 + ψn

2 ) + V(ψ
n+1 + ψn

2 )

+G(ψn+1)(ψ
n+1 + ψn

2 ),
(3.1)

setting I := diag((1)j∈J0 ), V := diag((Vj)j∈J0 ), Vj := V (xj) and, for
ψ ∈ CJ−1,

([[∆h ]]ψ)j∈J0 = ψj+1 − 2ψj + ψj−1

2h2 ,

G(ψn+1) := diag((
F(|ψn+1

j |2)− F(|ψn
j |2)

2(|ψn+1
j |2 − |ψn

j |2)
))j∈J0 ),

(3.2)
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Scheme 1: Crank-Nicolson Finite Difference (CNFD) scheme

Cubic case: we have
F(|ψn+1

j |2)− F(|ψn
j |2)

|ψn+1
j |2 − |ψn

j |2
= |ψn+1

j |2 + |ψn
j |2

Accuracy
CNFD is second-order accurate in time and space: this means that the error
between the exact and approximate solution is of the order of h2 + (∆t)2 (under
some suitable assumptions: regularity,...). It is also unconditionally stable.

Properties: time reversibility
For the fully-discrete scheme, the time reversibility can be expressed as: the
scheme remains unchanged under the operation: (n,n + 1)↔ (n + 1,n) and
ψn ↔ ψn+1 which is true for the CN scheme.
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Scheme 1: Crank-Nicolson Finite Difference (CNFD) scheme

Properties: invariance by gauge change
The invariance by gauge change is given here by the property: if ψn is
solution to Eq. (4.5) with V , then ψne−iαtn is solution to (4.5) but with
V → V + α.

For CN
This property does not hold for the CN scheme and any scheme below based
on the approximation

∂tψ(tn+1, ·) ≈
(ψn+1 − ψn)

∆t
since the simplification at the continuous level of the exponential factor with ∂t
does not hold at the discrete level. In a practical computation, this implies an
error in time in the phase solution.
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Scheme 1: Crank-Nicolson Finite Difference (CNFD) scheme

Properties: dispersion relation
In a similar way, the dispersion relation does not hold: if ψ0 is a plane wave,
i.e. ψ0

j = aeikxj , then we cannot have ψn
j = aei(kxj−ωtn). This means that the

velocity of the numerical solution is different from the speed of the expected
solution.

Properties: mass conservation
It can be proved that the discrete mass is conserved, .i.e.

N (ψn) := h||ψn ||2 = h
∑
j∈J0

|ψn
j |2 = h||ψ0||2 = N (ψ0), ∀n ∈ N, (3.3)

providing the unconditional 2-stability of the scheme.
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Scheme 1: Crank-Nicolson Finite Difference (CNFD) scheme

Properties: energy conservation
Concerning the discrete energy

Eψn := 1
2 ||[[∇

+
h ]]ψn ||2 + h < Vψn ,ψn > +h < 2F(ψn)ψn ,ψn >

with
([[∇+

h ]]ψn)j :=
(ψn

j+1 − ψn
j )

h ,

j ∈ J0, it can be proved that it is conserved provided the nonlinear system
(4.5) is solved accurately (machine precision) through a fixed point or a
modified Newton-Raphson iterative method that requires to store O(J)
coefficients. In terms of computational cost, the fixed point and modified
Newton-Raphson procedure lead to O(J) operations. The cost can be
considered as high compared to the next methods.

34/67



Scheme 1: Crank-Nicolson Finite Difference (CNFD) scheme

Other spatial discretizations
Let us remark that other discretization methods can be used for approximating
the spatial operators

finite element methods: the main difference is that mass and stiffness
matrices must be computed, according to the choice of the finite element
methods (linear, quadratic or higher order functions). This can increase
the accuracy of the method but at the price of an additional cost.
spectral techniques: higher accuracy can also be obtained if one rather
considers FFT-based spectral approximations of the Laplacian (see TSSP
below). This however increases the cost of the application of the discrete
Laplace operator from O(J ) to O(J log J) → CNSP scheme
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Scheme 2: Relaxation Finite Difference (ReFD) scheme (Besse, SINum
2004) + (Besse, CRAS 1998)

This scheme is given by

1
2 I(u

n+1/2 + un−1/2) = f (|ψn |2)
i

∆t I(ψ
n+1 − ψn) = −1

2 [[∆h ]](ψ
n+1 + ψn

2 ) + V(ψ
n+1 + ψn

2 )

+diag(un+1/2)(ψ
n+1 + ψn

2 )

(3.4)

with
u−1/2 := ψ0

diag(un+1/2) := diag((un+1/2
j )j∈J0 )

f (|ψn |2) := (f (|ψn
j |2))J∈J0

(3.5)
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Scheme 2: Relaxation Finite Difference (ReFD) scheme

Accuracy
Second-order both in space and time and unconditionally stable

Higher order schemes?
One question concerns the extension to other nonlinearities and the
construction of higher order relaxation schemes: it seems to be still an open
question.

Efficiency
Crucial point: this scheme does not require the solution of a nonlinear system
compared to CNFD since the nonlinearity is explicit → the fully discrete
relaxation scheme is expected to provide much lower computational times than
CNFD and is of the order of O(J).
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Scheme 2: Relaxation Finite Difference (ReFD) scheme

Properties: similar to CN for the cubic case
Dispersion relation: no
Invariance by gauge change: no
Time reversibility: yes
Mass conservation: yes

Properties: energy conservation
For ReFD, the discrete energy is only defined for the cubic nonlinearity by

Eψn := 1
2 ||[[∇

+
h ]]ψn ||2 + h < Vψn ,ψn > +h β4 < 2un+1/2,un−1/2 >, (3.6)

∀n ≥ 0. More general f : no formulation available yet.
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Scheme 3: Time Splitting SPectral (TSSP) scheme

TSSP
The idea is totally different from the two previous schemes

Principle
The basic idea is to decouple on a time interval [tn ; tn+1] the linear Laplace
operator and the potential/nonlinear terms in Eq. (2.8). The traditionally used
method in the context of nonlinear Schrödinger equation is the second-order
time (or Strang) 3-steps splitting method in conjunction with exact spatial
integration based on FFT pseudospectral methods and integration in phase.
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Scheme 3: Time Splitting SPectral (TSSP) scheme

High-order TS
It is possible to increase the order of accuracy in time for TS schemes. It
corresponds to have not 3 but more steps in the method with well-chosen
weights. Let A,B be self-adjoint operators (A∗ = A) such that:

D(A) ⊂ L2,D(B) ⊂ L2

and A + B is a self-adjoint operator on D(A) ∩ D(B). We consider the
following PDE, {

∂tψ(t,x) = Aψ(t,x) + Bψ(t,x)
ψ(0,x) = ψ0(x)

and denote ψ(t,x) = e(A+B)tψ0(x) its solution. The time-splitting schemes
consist in approximating the solution of this PDE by the exponential operators
of A and B. In fact, a general approximation of the solution by a time splitting
scheme can be written in the following form

ψ(tn + ∆t,x) ≈ ψn+1(x) = ea1A∆teb1B∆tea2A∆teb2B∆t ...eapA∆tebpB∆tψn(x),

where {ak , bk}1≤k≤p ⊂ R are some weights that must be computed in such a
way that the approximation of e(A+B)∆t is of a given order for a time step ∆t
which is supposed to be relatively small.
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Scheme 3: Time Splitting SPectral (TSSP) scheme

Example: second-order Strang formula (Strang, SINum 1968)
For example, the second-order Strang scheme for the 1d case with
homogeneous Dirichlet boundary conditions leads to the sequence of successive
computations from time step tn to tn+1, for j ∈ J0,

ψ
(1)
j = e−i ∆t

2 [V(xj)+β|ψn
j |

2]ψn
j

ψ
(2)
j =

J−1∑
l=1

e−i∆t µ2
l /2(ψ̂(1))l sinµl(xj − x`)

ψn+1
j = e−i ∆t

2 [V(xj)+β|ψ
(2)
j |2]

ψ
(2)
j

(3.7)

where (ψ̂(1))l , the sine-transform coefficients of the complex vector
ψ(1) = (ψ(1)

0 , ψ
(1)
1 , · · · , ψ(1)

J )T with ψ(1)
0 = ψ

(1)
J = 0, are defined as, for

l = 1, 2, · · · , J − 1,

µl = πl
(x` − xr) , ψ̂

(1)
l = 2

J

J−1∑
j=1

ψ
(1)
j sin (µl(xj − x`))
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Scheme 3: Time Splitting SPectral (TSSP) scheme

Accuracy of the second-order Strang TSSP scheme
The Time-Splitting SPectral (TSSP) Strang scheme is second-order in time,
spectrally accurate in space and L2 unconditionally stable. It is explicit and in
particular the nonlinearity is directly solved. The memory cost is O(J) and the
computational time is O(J log J).

Properties of the second-order Strang TSSP scheme
The Strang splitting scheme is

time reversible
invariant by gauge change
the dispersion relation is fulfilled
mass conserving
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Scheme 3: Time Splitting SPectral (TSSP) scheme

Energy conservation: what is observed
At least for small enough times, the energy is not exactly conserved but not far
from being conserved. Is it enough for realistic physics calculations? The
answer is not so clear in my opinion...

Energy conservation: problems
Indeed, the numerical solution actually coincides with the exact solution of a
modified partial differential equation at each time step. This shows the
existence of a modified energy preserved by the numerical scheme that is close
to the exact energy if the numerical solution is smooth. However, some
resonances may destroy the energy conservation on long time evolution.
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Summary

Overview of the different schemes
Method TSSP CNFD ReFD TSFD

Time Reversible Yes Yes Yes Yes
Time Transverse Invariant Yes No No Yes

Mass Conservation Yes Yes Yes Yes
Energy Conservation No Yes Yesa No
Dispersion Relation Yes No No Yes

Unconditional Stability Yes Yes Yes Yes
Explicit Scheme Yes No No No
Time Accuracy 2th or 4th 2th 2th 2th

Spatial Accuracy spectral 2th 2th 2th

Memory Cost O(Jd) O(Jd) O(Jd) O(Jd)
Computational Cost O(Jd log J) � O(Jd) b O(Jd log J) c O(Jd log J) d

Resolution when 0 < ε � 1 e h = O(ε)
τ = O(ε)

h = o(ε)
τ = o(ε)

h = o(ε)
τ = o(ε)

h = o(ε)
τ = o(ε)

Table: Physical and numerical properties of different popular numerical methods in the
d-dimensional case with J unknowns in each direction.

aOnly for cubic nonlinearity
bDepends on the solver for the nonlinear system
cIf d = 1, O(J)
dIf d = 1, O(J)
eFor cubic repulsive nonlinearity
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Other schemes used in physics

Other methods
People often use other schemes like Runge-Kutta methods + Finite Difference,
Leap Frog schemes,... However, these schemes does not satisfy the
requirements that we asked and so may not reproduce the physics correctly.

Example: CN with explicit nonlinearity (semi implicit)
conditionally stable: there is a strong condition (CFL) between the time
and spatial step to get the stability: very problematic for 2d-3d problems
not time invariant
no mass conservation
no energy conservation (but not far from being with very small time steps)
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Computational example (from A-Bao-Besse (2013, Computer Physics
Communications, to appear))

Test problem
Initial data: ψ0(x) = A sech(A(x − x0)) ei(vx+θ0), x ∈ R with A = 2,
v = 1 and x0 = θ0 = 0
Then the cubic NLSE/GPE (2.8) has the exact bright soliton solution
ψ(t, x) = ψB(t, x)

ψB(t, x) = A√
−β

sech(A(x − vt − x0))ei(vx− 1
2 (v2−A2)t+θ0), x ∈ R2, t ≥ 0,

with β = −1, A = 2, v = 1 and x0 = θ0 = 0.
Domain (−15, 20) with homogeneous Dirichlet boundary condition
To quantify the numerical solution, we use the l∞-norm of the error
between the numerical solution ψn

j and the exact solution ψ(tn , xj) as

ep
∞(tn) := max

0≤j≤J
|ψ(tn , xj)−ψn

j |, em
∞(tn) := max

0≤j≤J
(|ψ(tn , xj)|−|ψn

j |),n ≥ 0.

The functions ep
∞ and em

∞ allow respectively to measure the phase error
and the modulus error.
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Computational example

Spatial error
h h0=0.5 h0/2 h0/4 h0/8 h0/16

CNFD ep
∞ 2.48 1.87E0 4.28E-1 1.03E-1 2.57E-2

em
∞ 1.89 6.98E-1 1.46E-1 3.52E-2 8.68E-3

ReFD ep
∞ 2.48 1.87E0 4.28E-1 1.03E-1 2.57E-2

em
∞ 1.89 6.98E-1 1.46E-1 3.52E-2 8.68E-3

TSFD ep
∞ 2.48 1.87E0 4.28E-1 1.03E-1 2.57E-2

em
∞ 1.89 6.98E-1 1.46E-1 3.52E-2 8.68E-3

TSSP ep
∞ 1.485 3.81E-4 8.63E-9 <1E-9 <1E-9

em
∞ 1.408 2.45E-4 4.49E-9 <1E-9 <1E-9

Table: Spatial error analysis on errors ep,m
∞ (t = 5) of different numerical methods for

the NLSE/GPE (2.8) in 1D under different mesh sizes h, for ∆t = 10−5.
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Computational example

Time error
∆t ∆t=0.1 ∆t/2 ∆t/4 ∆t/8 ∆t/16

CNFD ep
∞ 2.62E-1 6.65E-2 1.64E-2 3.88E-3 7.28E-4

em
∞ 1.08E-2 2.87E-3 6.70E-4 1.16E-4 6.64E-5

ReFD ep
∞ 3.11E-1 2.68E-2 1.97E-2 5.07E-3 1.47E-3

em
∞ 2.25E-1 5.37E-2 1.34E-2 3.37E-3 9.25E-4

TSFD ep
∞ 8.51E-1 2.00E-1 4.97E-2 1.25E-2 3.37E-3

em
∞ 4.10E-1 9.03E-2 2.20E-2 5.49E-3 1.44E-3

TSSP ep
∞ 5.17E-1 1.40E-1 3.57E-2 8.98E-3 2.25E-3

em
∞ 4.98E-2 1.64E-2 4.21E-3 1.06E-3 2.65E-4

Table: Temporal error analysis on errors ep,m
∞ (t = 5) of different numerical methods

for the NLSE/GPE (2.8) in 1D under different time steps τ , for h = 3.5 × 10−3.
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Higher dimensions

CN/Re
Finite Difference: d-grid and higher order schemes → large structured
(non)linear systems to solve. Can be very costly for CNFD and much less
for ReFD. Linear systems must be solved through adapted linear algebra
solvers
Finite Element: this can be interesting for increasing the accuracy and
adapt the mesh to the computations but this also requires to be able to
get well adapted linear algebra solvers for unstructured meshes
SP: one possibility is to use SPectral techniques

TSSP
The extension is quite direct even from the implementation point of view. The
cost is related to the number of points of the d-dimensional uniform grid
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The equation

Let us recall the GPE with rotation

Time-dependent GPE with rotating term

i∂tψ(x, t) = −1
2∆ψ(x, t) + V (x)ψ(x, t) + β|ψ(x, t)|2ψ(x, t)

−Ω · Lψ(x, t), (x, t) ∈ Rd × R∗+,
(4.1)

where
ψ is the condensate wave function, d = 2, 3,
the Laplace operator is defined as: ∆ = ∇2, where ∇ := (∂x , ∂y, ∂z)t is
the gradient operator
the spatial variable is x = (x, y, z)t ∈ R3

for 2d problems we have ∇ := (∂x , ∂y)t and x = (x, y)t ∈ R2

the time is t.
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Well-posedness and energy

Well-posedness
There are some mathematical results about the well-posedness of the equation
under suitable assumptions

Energy
The energy is defined by

Eβ,Ω(ψ) =
∫
Rd

1
2 |∇ψ|

2 + V |ψ|2 + 1
2β|ψ|

4 − Ω< (ψ∗Lzψ) dx (4.2)

where ψ∗ is the conjugate of ψ, and the angular momentum

Lx = 0,Ly = 0,Lz = −i(x∂y − y∂x). (4.3)
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Dynamical laws

Dynamical laws
It can be proved that some quantities are conserved but more generally that
some physical quantities satisfy some Ordinary Differential Equations (this is
also true for the ground states problems)

Example
Let V (x) = (γ2

x x2 +γ2
y y2)/2. Let us define the angular momentum expectation

< Lz > (t) :=
∫
Rd
ψ∗Lzψdx (4.4)

Then we have
d < Lz >

dt (t) = (γ2
x − γ2

y )δxy(t), ∀t > 0.

where δxy(t) =
∫
Rd

xy|ψ(x, t)|2dx
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Dynamical laws

Consequence
For radially symmetric traps in 2d or cylindrically symmetric traps in 3d, the
angular momentum expectation and energy for non-rotating parts are
conserved for any initial data

< Lz > (t) =< Lz > (0), Eβ,0(ψ) = Eβ,0(ψ0), ∀t > 0.

Other laws
There are other laws that for example provide some informations about the
form of the condensate (condensates widths dynamical laws).
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Extension of the methods: CNFD

CNFD with rotating term: the scheme writes down

i
∆t I(ψ

n+1 − ψn) = −1
2 [[∆h ]](ψ

n+1 + ψn

2 ) + V(ψ
n+1 + ψn

2 )

+G(ψn+1)(ψ
n+1 + ψn

2 )− ΩLz,h(ψ
n+1 + ψn

2 ),
(4.5)

with Lz,h the discrete operator that maps on discrete unknown ψ = (ψj,k)(j,k)
as

(Lz,hψ)(j,k) := Lz,hψj,k = −i(xjδyψj,k − ykδxψj,k)
δxψj,k = ψj+1,k − ψj−1,k

2hx

δyψj,k = ψj,k+1 − ψj,k−1

2hy
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Extension of the methods: CNFD

L2-accuracy
The accuracy of the scheme (and its solvability) has been very recently studied
in details by Bao and Cai (Math. of Comp. 2013). It requires assumptions on
the rotation speed vs. initial data and hypothesis on the time and spatial steps
(∆t ≤ cst ∗ h). Then, the L2-error is second-order both in space and time
uniformly for small enough time and space steps.

L∞-accuracy
The L∞-error is of order (h3/2 + (∆t)3/2)| ln h| in 2d, h + ∆t in 3d!
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Extension of the methods: ReFD

Relaxation scheme for rotating GPE
We can use the same discretization of the additional rotational term. There is
no accuracy study until now (ReSP for rotating (systems of) GPEs is coded in
GPELab).
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Extension of the methods: TSSP

Difficulty in the TSSP method
The problem with a FFT is that the spatial derivative operator is no longer the
Laplacian operator ∆ which is diagonalizable in the Fourier space. The partial
differential operator is (in 2d)

−1
2 (∂2

x + ∂2
y ) + iΩ(x∂y − y∂x)

and therefore cannot be directly integrated (if you Fourier transform you get a
convolution term!!!).

One possible solution: Alternate Direction Implicit (ADI)
The idea is close to the splitting idea: you split the different directions to
integrate (fixing the other directions) through a sequence of operations without
deteriorating the accuracy and stability of the method → this gives rise to an
ADI-TSSP method for rotating BECs.
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Extension of the methods: TSSP: the second-order ADI-Strang scheme

ADI + Strang

ψ
(1)
j,k =

M/2−1∑
p=−M/2

e−i∆t(µ2
p +2Ωykµp)/4(ψ̂n

k )peiµp(xj−x`)

ψ
(2)
j,k =

N/2−1∑
p=−N/2

e−i∆t(λ2
p−2Ωxjλp)/4(ψ̂(1)

j )qeiλq(yk−y`)

ψ
(3)
j,k = e−i∆t[V(xj ,yk)+β|ψn

j,k)|2)]ψ
(2)
j,k

ψ
(4)
j,k =

N/2−1∑
p=−N/2

e−i∆t(λ2
p−2Ωxjλp)/4(ψ̂(3)

j )qeiλq(yk−y`)

ψn+1
j,k =

M/2−1∑
p=−M/2

e−i∆t(µ2
p +2Ωykµp)/4(ψ̂(4)

k )peiµp(xj−x`)

(4.6)
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Remarks

TSSP for 3d
The extension is direct since we assumed that there is no term ∂z in the
angular momentum → direct integration in the Fourier space

Do the properties required for the non rotating case extend?
In fact, it can be proved that all the properties that a scheme had when Ω = 0
extend to the rotating case (see the Table before). This must be proved for the
relaxation scheme but it is probably true.

GPELab
In GPELab, we have coded, for 1d-2d-3d, the ReSP and TSSP schemes for
rotating BECs. The method considers general nonlinearities as well as systems
of BECs.

Semi-classical regime
I do not speak about this problem that considers other scalings for highly
oscillating data. This is related to geometric optics
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Remarks: increasing the order

Richardson’s extrapolation
Suppose that you can numerically compute an approximation uh of a certain
value u using a scheme of order n ∈ N for which the error depends on the
parameter h. We have

uh = u + Cnhn + Cn+1hn+1 + o(hn+1)

We can also consider a similar approximation uh/2 with a half step h/2

uh/2 = u + Cn
hn

2n + Cn+1
hn+1

2n+1 + o(hn+1)

Richardson’s idea was to linearly combine these two approximations to
eliminate the error term Cnhn . A simple computation yields

vh/2 =
2nuh/2 − uh

2n − 1 = u − Cn+1
hn+1

2(2n − 1) + o(hn+1)
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Remarks: increasing the order

Richardson’s extrapolation
Thus, using this method, we have jumped to the next order of error. In fact,
depending on the scheme used, it is possible to gain multiples orders using a
single combination. Moreover, we can use multiple combinations to eliminate
each new error terms and keep gaining orders easily. This leads us to the
following triangular form

Approximations Extrapolations

Order n Order n+1 Order n+2 Order n+3
uh

uh/2 vh/2 =
2n uh/2−uh

2n−1

uh/4 vh/4 =
2n uh/4−uh/2

2n−1 wh/4 =
2n+1vh/4−vh/2

2n+1−1

uh/8 vh/8 =
2n uh/8−uh/4

2n−1 wh/8 =
2n+1vh/8−vh/4

2n+1−1
xh/8 =

2n+2wh/8−wh/4
2n+2−1
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Example of computation I: dynamics of a ground state in a modified
quadratic-quartic potential

Initial data obtained as a ground state
We consider the ground state of the rotating GPE for Ω = 3.5 and β = 1000
with a quadratic-quartic potential

V (x) = (1− α) ‖x‖2 + κ ‖x‖4

α = 1.2 and κ = 0.3

Dynamics
We compute the dynamics of the ground state by using a modified
quadratic-quartic potential with α = 0.7

Numerical parameters: ADI-TSSP and ReSP
∆t = 10−3, T = 1, Nx = Ny = 28, [−10, 10].
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Example of computation II: stochastic dynamics of a stationary state of a
2-components GPE with quadratic potential

Initial data obtained as a stationary state
We consider a stationary state of the rotating coupled 2-components GPE for a
quadratic potential V with Nx,y := 28, [−10, 10]2, β1 = 800, β2 = 400,
β12 = 400, Ω = 0.8. We fix ∆t = 10−3, T = 1

Dynamics
We compute the dynamics of the ground state by using a modified noisy time
dependent quadratic potential

Vstoch(t,x) = (1 + ◦dBt)V (x)

for each component
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Conclusion

Conclusion of the Lecture I
Different schemesa with their physical/numerical properties for the
dynamics of NLSE and rotating GPE
Validated by numerical simulations
Some of the methods are implemented in GPELabb for 1d-2d-3d
multi-components and rotating BECs (with possibly stochastic time
dependent (or also with spatial noise) potentials)

aX. Antoine, W. Bao, C. Besse, Computational Methods for the Dynamics of the Nonlinear
Schrödinger/Gross-Pitaevskii Equations, Computer Physics Communications, 2013 and available on
arXiv 1305.1093

bThere is a link on my webpage (codes developments).The code is freely available with GNU
license and a complete documentation.

Lectures II and III
In the numerical simulations, we considered some Dirichlet or periodic
boundary conditions. The two next Lectures explain how you can construct
some well-suited boundary conditions to model the fact that a wave hitting the
fictitious boundary {x`; xr} is outgoing. This topic is better known as
”Absorbing or artificial boundary condition” modelling.
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Merci pour votre attention
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