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What is a conservation law?

Differential equations: An expression of the form
Z Di(P(x,[u])) =0

that holds on all solutions of the given equation.

Difference equations: Something similar, replacing derivatives by
differences? Forwards, backwards, something else?
Observation: Such expressions can be written in standard form,

> (Si—id) Fi(n, [u]) =0,
where S; is the unit forward shift in n'.

Question: Why not use equivalent expressions? This one is useful:

HS;Ai(n,[u] HA ,[u]).
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Answer: The Euler operator E annihilates all divergences; indeed,
the variational complex is exact.
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Divergences are the elements of ker(E).
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Answer: The Euler operator E annihilates all divergences; indeed,
the variational complex is exact.

20 d _10 d E
AN 2,0 9H AP 1,0 9H /\n,O A:,l .
Divergences are the elements of ker(E).

Difference operators also produce a variational complex; now
ker(E) is the set of all standard-form expressions.
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Independent variables: k,/ € Z; dependent variable u € R (or C).
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Quad-graph equations

Up,1 Qo Uil
B B
Up,0 « uio

Independent variables: k,/ € Z; dependent variable u € R (or C).
Quad-graph equations depend on v j = u(k+i,1+j), i,j € {0,1}.

Consistency-on-a-cube implies integrability (ABS classification and

others); o = a(k), 5= p(/).
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Quad-graph equations

ABS classification
Other conditions applied by Adler, Bobenko and Suris (2003):

@ Linearity in each u; j;
o D, symmetry;

@ Tetrahedron property
necessary for 3-leg form = variational Toda type system.

ABS classification is up to Mobius transformations of u and point
transformations of parameters.
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Quad-graph equations

Q1:

Q2 :

Q3:

Q4 :

H1:

H2 :

H3 :

Al :

A2 :

a(ug,0 — ug,1)(u1,0 — u1,1) — Bluo,0 — ur,0)(uo,1 — u1,1) + 2B — B) = 0,
a(ug,0 — up,1)(u1,0 — u1,1) — Buo,0 — u1,0)(uo,1 — u1,1) + aB(e — B)(uo,0 + u1,0 + o,1 + u1,1)
—apB(a = B)(o? — aB + %) =0,
(B — o®)(uo,0u1,1 + u1,0t0,1) + B — 1)(uo,0un,0 + Uo,1u1,1) — (B — 1)(uo,0t0,1 + u1,0u1,1)
=% (e = B%)(e? —1)(B° —1)/(4aB) =0,
sn(a)(uo,0u1,0 + to,1u1,1) — sn(B)(uo,0u0,1 + u1,0u1,1) — sn(e — B)(uo,ou1,1 + u1,0u0,1)
+sn(a — B)sn(a)sn(B)(L + K>uo,ou1,0t0,141,1) = 0,
(ug,0 — w1,1)(u1,0 — wo,1) + B — @ =0,
(0,0 — u1,1)(11,0 — tg,1) + (B — a)(ug,0 + 1,0 + g,1 + t,1) + B2 — a® =0,
a(ug,ou1,0 + tg,1t1,1) — Blug,otp,1 + ur,our,1) + 82(a® — B2) =0,

o(uo,0 + uo,1)(u1,0 + u1,1) — Blug,0 + u1,0)(vo,1 + u1,1) — 6%aB(e — B) = 0,

(8% — a®)(ug,ou1,0u0,1t1,1 + 1) + B(e — 1)(ug,0u0,1 + y,0u1,1) — (8% — 1)(ug,0u1,0 + to,101,1) = O.
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is an expression
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Three-point conservation laws

Definition: A conservation law (CLaw) of a quad-graph equation
is an expression

(Sk—DF+(S -G =0

that holds on all solutions of the equation.

Problem: Find a basis for the vector space of all equivalence
classes of CLaws.

Too hard — start small.
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Three-point conservation laws

up,1 S G Ui

Uuo,0 G uio

The simplest nontrivial CLaws have
F = F(k,I,upp,uo1), G = G(k, 1, uop0, u1,0)-

The determining equation for u;; = w is

F(k + 1,/, ulyo,w) — F(k,/, ug,0, uoyl) —+ G(k,/+ 1, uo,l,w) — G(k7 /, uo,0, ul,o) =0.
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L1 L2
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OJuig  wo, dugp Oug1 w0 Oug o
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This reduces to a PDE of order < 5 for F. For ABS equations, Dy
symmetry gives extra information.
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Three-point conservation laws

Solution Method

Apply the commuting operators

0 w1 0 0 wo,1 O

L1 L2

= 5 — - )
OJuig  wo, dugp Oug1 w0 Oug o

to get
—LiLo{F(k, I, up0,u01) + G(k, I, uop,u10)} = 0.

This reduces to a PDE of order < 5 for F. For ABS equations, Dy
symmetry gives extra information.

Elimination can be made faster for some quad-graph equations.
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Example: For the dpKdV equation (H1)
08—«

u1 = upo+ —mm,
ui1,0 — Uo,1

the set of three-point CLaws (up to equivalence) is spanned by

Fi= (=0 (2up0u0,1 — B), G = (=1 (2ug 0u1 0 — @),
Fy = — (uo,0 — uo,1) (uo,0u0,1 — B), G2 = (uo,0 — u1,0) (uo,0u1,0 — @),
F3 = —(=1)*" (0,0 + t0,1) (so,0u0,1 — B) , Gz = (=1)*" (ug,0 + u1,0) (uo,0u1,0 — @) ,

K+l 2 2 2 K+l 2 2 2
Fy = —(—1)F (2Uo,o ug,1” — 4Bug,oup,1 + B ) . Gy = (-1 (2Uo,o u0” — 4awp,ouy0 + ) .
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Example: For the dpKdV equation (H1)
08—«

u1 = upo+ —mm,
ui1,0 — Uo,1

the set of three-point CLaws (up to equivalence) is spanned by

Fi= (=0 (2up0u0,1 — B), G = (=1 (2ug 0u1 0 — @),
Fp = — (u,0 — w,1) (u0,0u0,1 — B), G2 = (0,0 — u1,0) (to,0u1,0 — @),
F3 = (1" (0,0 + uo,1) (vo.0m0,1 — B) Gz = (=1 (.0 + u1,0) (uo,0u1,0 — @) ,
Fy = (-1 (2!10,02110,12 — 4Bug,ouo,1 + 52) . G= (- (2140,02“1,02 — 4augou10 + 02) .

Other ABS equations:

4 Claws : Q1;5_o(cross-ratio), Als—g, H35-0(dpmKdV);
1 Claw: Q2, Q3s5-1, Qdx24;
2 ClLaws : all other equations.
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Five-point conservation laws

The same process can be used to find higher conservation laws for

u1 = w(k, I, ugp, 1,0, Uo,1)- (1)

@ Choose the form of F and G.

@ Use (1) and its shifts to write the conservation law in terms of
initial values.

© Apply appropriate differential operators to reduce the
number of unknown functions.

@ Having reached a PDE, back-substitute and solve the
resulting linear difference equations.

O lterate, if necessary.

Potential problems: Expression swell, difficulty solving AEs.
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Five-point conservation laws

@-------- @ ------- 9
Fe s °
G Up,0 !
F I
o °
G G

For arbitrary u;1 = w, one can use the staircase.

For ABS, the cross is more efficient.
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Example: The dpKdV equation has the following five-point CLaws
(modulo three-point and trivial CLaws):

Fi=—In(u1—u-10), Gi=In(u0—uv_10),

Fr=—In(up1—u—1), G»=In(uo— uo-—1),

F3 = kFy + /FQ, G3 = kGy + 1G>.
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Five-point conservation laws

Example: The dpKdV equation has the following five-point CLaws
(modulo three-point and trivial CLaws):

Fi=—In(u1—u-10), Gi=In(u0—uv_10),

Fr=—In(up1—u—1), G»=In(uo— uo-—1),

F3:kF1+/F2, G3:kG1—|—/G2.

For constant «, 3:
every ABS equation has something similar (at least).
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Direct computation of five-point CLaws is the limit (for now).
However, the action of symmetries on CLaws may give new ones.

Example: For dpKdV, apply the mastersymmetry

to
Fi=—In(uo1 —u_10), Gi=In(uro—u_10),

to get (up to equivalence) the new ClLaw

-1 1
F= . G= .
(uo,0 — u—2,0)(to,1 — u—-1,0) (uo,0 — u—20)(u1,0 — Uu-1,0)
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What more can be done?
Direct computation of five-point CLaws is the limit (for now).
However, the action of symmetries on CLaws may give new ones.

Example: For dpKdV, apply the mastersymmetry

to
Fi=—In(uo1 —u_10), Gi=In(uro—u_10),

to get (up to equivalence) the new ClLaw

-1 1
F= . G= .
(uo,0 — u—2,0)(to,1 — u—-1,0) (uo,0 — u—20)(u1,0 — Uu-1,0)

Warning: apparent novelty must be checked; use characteristics.
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Another approach
An alternative approach to generating possibly infinite hierarchies
of CLaws is as follows:
@ Find symmetries and mastersymmetries for Toda type systems
(building on quad-graph results).
@ Check which (if any) are variational symmetries.

© Construct CLaws from variational symmetries with the
discrete version of Noether’'s Theorem.



Conservation laws for difference equations
What more can be done?

Another approach
An alternative approach to generating possibly infinite hierarchies
of CLaws is as follows:
@ Find symmetries and mastersymmetries for Toda type systems
(building on quad-graph results).
@ Check which (if any) are variational symmetries.

© Construct CLaws from variational symmetries with the
discrete version of Noether’'s Theorem.

Drawback: The resulting CLaws found so far are quite messy!
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Summary
For each of the ABS equations with constant parameters, the
direct approach has yielded

@ infinite hierarchies of symmetries;

@ low-order conservation laws;

@ the possibility of generating higher-order conservation laws.

However, there are no five-point symmetries or CLaws if neither «
nor (3 are constant.
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Open Problems

@ Are there any higher symmetries and CLaws when « and 3
are not constant?

@ Does each of the ABS equations have infinitely many CLaws
(up to equivalence)? If so, is this a property shared by all
integrable quad graphs?

@ Is there a one-to-one correspondence between variational
symmetries and CLaws (up to equivalence)?
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The End
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