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Introduction

Two dimensional Toda lattice hierarchy (2dTLH) (Ueno &
Takasaki, 1982 [1])

» includes two dimensional Toda lattice (2dTL)

0.0, q(n) = e9(M=a(n=1) _ galnt1)=q(n)

» differential operator (0) — difference operator (\)
multi-component generalization (U-T, [1])
» scalar-difference operator — matrix-difference operator

» include non-abelian Toda hierarchy



Introduction

We present a new extended two-dimensional Toda lattice hierarchy
(ex2d TLH)

» introduce new vector field for 2dTLH

» include two dimensional Toda lattice with self-consistent
sources (2dTLSCS, Hu X.B, Wang H.Y. 2006 [2])

We solve 2dTLSCS:
» construct Darboux transformation (DT) for 2dTLSCS

> apply method of variation of constants (MVC) to give
non-auto-Backlund DT (N — N 4 1 SCSs)



Two dimensional Toda Lattice Hierarchy

2dTLH [1]
Let x = (x1,x2,--), Yy = (y1,¥2, -+ ), n € Z. Let

L=A+> uN’ M=) vN

i>0 i>—1

A is shift operator such that Af(n) = f(n+ 1)A. Then 2dTLH

o o

o d

2 M=[B,,M M = [Cn,
O [ ] v [Crm, M]

Bm = (L™)>0, Cmn = (M™)<0



Two dimensional Toda Lattice Hierarchy

Equivalent zero-curvature form

Bk,xm - Bm,xk + [Bk7 Bm] =0 (23)
Ck,ym - Cm,yk + [Ck7 Cm] =0 (2b)
Bk,ym - Cm,xk + [Bk7 Cm] =0 (2C)

Example
m=k=1, v i = edM-alr=1) 1y — q = 2dTL

8X18y1q(n) = eq(”)*q("*l) _ eq(n+1)fq(n) e/



Two dimensional Toda Lattice Hierarchy

Wave operators

W =14 A A2

~,(0)

W =+ al+ o+

Proposition (U-T)
If L, M satisfy 2dTLH (1), then exists wave operators such that

_ VAV(OO)/\VAV(OOLI M — W(O)Afl VAV(O),l

L

A (o) A () A (0) A (0)
D W' = LT W™ 0, W = LT W

A () m i (o0) A0 im0
Oy, W = = MZyW Oy W = =MW



Two dimensional Toda Lattice Hierarchy

Wave function & adjoint wave function

w'™ _w“” (AMeSON % = e (g6

= W ()\n)eg(yakil) W(O)* = W *—I(A—n)e_g(y’kfl)

E(x,A) = 2N, €@y, A7) = S yia

Wave functions satisfy

(o0
Oy, W

Adjoint wave functions have similar expressions



Two dimensional Toda Lattice Hierarchy

Proposition
Sotkoa = wPatw™ ST Mk = w0 At
k>0 keZ
Sk k= W™ ATty ST Mk = WP ATt
KkEZ k>0
where . .

A= -YN Ao YN

i>0 i<—1

Proof. Need

Resy PQ* = Resy A™1P(A")Q(A™")



New extended 2D Toda Lattice Hierarchy
Define yx such that

N
a}_’k = 8}’k + Z Z )‘J/:a}’j
i=1 j>1

for distinct non-zero parameters A;. Then

0 ~ 0 -
87}—/‘<L — [Ck, L] 87}—/‘(M — [Ck, M]

where

N
Ekz Ck-i-ZZ)\Jl:Cj

i=1 j>1



New extended 2D Toda Lattice Hierarchy
Define yx such that

N
Oy, =0y, + Y > N,
i=1 j>1
for distinct non-zero parameters A;. Then
0 - 0 -
—L =[G, L] —M = [Ck, M|
Vi 8)7;(

where (according to propositon)

Ck+ZZ)\JC :Ck+Zw Atw

i=1 j>1

And w “_ W (\i) are (adj-)wave functions s.t
Ox,, W,(O) = Bm(W,-(O)) Ox,, W,-(O) = —B;(W,(O) )
Oy w; = Cn(w;)  Byw; =—Co(w, )

(3a)

(3b)



New extended 2D Toda Lattice Hierarchy

ex2dTLH: Use W,-(*) instead of W,-(O)(*), (1) and (3) give rise to: When
m # k:

Bm,xk - Bk,xm + [Bma Bk] =0 (43)
Cm,)'/k - Ck7ym + [Cm, Ek] = O (4b)
Bmi)_/k - C.k7xm + [Bm7 C.k] = O (4C)
Bk,ym - Cm,xk + [Bk; Cm] =0 (4d)
Wi,xm = Bm(W,') Wi,ym = C,,-,(W,') (I = ]., ey N) (4e)
Wifxm = —B,(w/) Wi*,ym = —Ch(w") (4f)
When m = k:
Big. — Ek7xk + [Bx Ek] =0 (5a)

Owi = Bi(wi),  Oqw =—Bc(w) (i=1,....,N)  (5b)

_ N
where Gy = G + > W,-A:IW,-*.
i=1



New extended 2D Toda Lattice Hierarchy

When m # k , Lax representation for (4a)-(4d)

bem = Bm(¢) ka:?k(w)
Yym = Cm(¥) Uy =C(¥)

When m = k , Lax representation for (5a)

Uy = Be(¥) by, = Ce(¥)



New extended 2D Toda Lattice Hierarchy

Example (2dTLSCS)

When m=k=1,letu=uy, v=v_1, x=x1,y =¥
31=A+U, C1:V/\_1.

Denote f(n+ k) = £ then

u, = —A(v + Z W,'W,-*(il)), v = v(u— u(fl)),

w; x = Bi(w;), W,-":X =-Bf(w"), i=1,....,N
Under u =gy, v=exp(q— g ), (6) becomes 2dTLSCS

(—1) (1)
— - *
Gy =777  —e? T4 E (w;w )y,
(1

) .
Wix =w; +axw;, (i=1...,N)

wh = —w; — gxw;".

(6a)
(6b)



New extended 2D Toda Lattice Hierarchy
Another ex2dTLH: Introduce Xy, such that

N
05, =0 + > > A0y

i=1 j>1
When m # k
Brs — Bixy + [Bm Bl =0, Cos, = Bey, +[Cm, B =0,
Cm,yk - Ckv.Vm + [Cm? Ck] = Oa myk Ck Xm + [Bm, Ck] = 0
Wiym = C (W') Wi X :Bm(Wi)7 I—].7...,N7
wi, = —Cr(w), wi, =—By(w).

when m = k

Ck,)_(k - Bk,yk + [Ck7 Bk] = 07
Dywi = Cu(wi), Oyw' = —Ci(w?). i=1,....N,

where

N
Bk = Bk — Z W,'A__,_lwl-*.
i=1



New extended 2D Toda Lattice Hierarchy

Example (2dTLSCS, Hu X.B., Wang H.Y. 2006 [2])
When m=k =1

(=1) ®
Gy = ed—4 —e9 94 Z(Wiwi*)y

a—q ",
wi, =e w; (i=1,...,N)

(1) (1)
*x q " —q,,*
w;, = —e w;

This equation is equivalent to the previous 2dTLSCS, under:

X— =y, y—-—x q—(d

wi — —ew!, w — e 9w

This transformation was discovered by Prof. Hu.



Darboux Transformations (DT) + Method of Variation of
Constants (MVC)

Soliton equation with self-consistent sources (SESCS) — soliton equation
with non-homogeneous terms. This inspired us to use MVC (celebrated
in ODE theory) to solve SESCS.

Apply MVC to Binary DT : Grammian det. (Y. Zeng,2001, [3])

» KdVSCS, mKdVSCS, NLSSCS
» Non-auto-Backlund BDT: N — N + 1 SCSs

Apply MVC to Ordinary DT : Wronskian or Casoratian det.
etc. (R. Lin, X. Liu 2005, [4])

» TLSCS, Ablowitz-Ladik with SCS, 2dTLSCS
» Non-auto-Backlund DT: N — N +1 SCSs



DT and MVC

General Scheme
» Ordinary DT (auto-Backlund)
» Eigenfunction h=f+4+a-g
» MVC: a — a(t)
» Prove: Non-auto-Backlund DT: N — N + 1 sources

» m-iteration of DT (different eigenvalues)

This enables us to construct non-trivial solutions of SESCS from
trivial one.



DT and MVC for 2dTLSCS

Recall 2dTLSCS and its Lax representations

Under (7b) and (7¢), (u=gx, v = eq‘q(i )
Ux = (/\ + U)(¢)7
N
by = (A 4 3 wAT )W),
i=1



Darboux Tf and MVC for 2dTLSCS

Proposition. Let h is solution to Lax representation (8). Define
D=A+o, o=-h"/h
Then Darboux Transformation for 2dTLSCS is

i=u"+o-0o", (9a)
v =vo/o ", (9b)
b=y = A0 (90)
iy = Dlw) = S4) (9d)
i =D () = _S(:(lf)f,-*)’ (9e)

where S = AATL.



Darboux Tf and MVC for 2dTLSCS

Proposition. Let h = f + ag is solution to Lax representation (8). Define
D=A+o, o=-h"/h
Then Darboux Transformation for 2dTLSCS is

b=u +o0—-0 , (9a)
v =vo/o ", (9b)
b=y = A0 (90)
W = D(w;) = Cas(’;’ wi) (9d)
~’* D**l(w’_*) — _S(:(‘f)/i*)’ (ge)

where S = AATL.



Darboux Tf and MVC for 2dTLSCS

Proposition. Let h=1f + a(y)g . Define
D=AN+o, o=—h"Jh
Then Darboux Transformation for 2dTLSCS is

i=u’+0—0", (9a)
v =vo/o ", (9b)
b=y = A0 (90)
iy = Dlw) = S4) (9d)
= D w) = _S(:(‘i‘)/;*)’ (9e)
Wyi1 = a “D(f) (9)
W1 = (%)

where S = AATL.



m-time DT
Theorem. Let f; and g; (j = 1,2,...,m) be solutions to (8).

b m 6 a0

Then
= e RS
TN UL (100)
w;[m] = Ca;(:’(lhlh";m”)’) i=1,...,N, (10¢)
il = (1) ) (104)
w ] = _1cacz(slzzl;' x hzm’)?) i=1....m (10e)
W/T/+j[m] _ (71),”71-%_ cas(l)(hl, e /AU, oo hm) (10f)

cas”(hy -+ hm)



m-time DT

cas(hy, -, hm) =

éé/s(hlf" 7hm) =

cas(hy, - b f) =

n




Solutions

Starting: g =1, v=1, u=0, N = 0. Lax representation for
2dTLSCS:

®

wxzw ’ wyzw

Independent solutions to (11) w.r.t. parameter z = e* are

(=1

(11)

f(n,x,y) = exp(nw + zx + z7ty),
g(nx,y) = exp(—nw + 2 1x + zy),
kf k
O g 14
Dzk’ 9zk

Different choices will give different solutions.



Solutions

Example (Solitons)
Let a(y) = e, then

h=f+a(y)g =2expQ-coshZ,

Q =coshw - x + coshw -y + a/2,
Z = nw+sinhw - x —sinhw -y — a/2.
DT + MVC = 1-soliton
cosh(Z +2w)  cosh(Z + w)

ult] = cosh(Z + w) ~ coshZ
cosh(Z + w) cosh(Z — w)
V[l] = 2 )
cosh® Z
sinhw - e e 9
wll] = ————

coshZ ’ wii] = 2cosh(Z +w)



Solutions

Example (Solitons)

Let
hi = fi + ai(y)gi = 2exp Q; - cosh Z;,

then m-time DT + MVC with different parameters z = z;
(’: 17 7m) =

m-soliton



Solutions

Example (Rational Solution)
Let
ak
hie = k8T a(y)s.

For eg. k=1, DT+MVC = a rational solution

V4
1] =—
=i -1
1
Vl=1- —,
N F%
n+1 &
) = 20
n—+ za
. —n 75
wil] = 2 ¢
n+za+1

where n =n+zx —z7ly, € = zx + z71y.



Solutions

Example

Let h=1f+ a(y)g, h, = 0,f + a(y)d,g. Then 2-iteration of DT+MVC
= a singular solution

<’ G Y
2] = =2 _ == = 1 -1
- G- & ve-9g—
sinh? we®
2] = —2———— cosh(Z
wy [2] -G, cosh(Z + w),
et (D:(ll) cosh Z + Dj cosh(Z + 2w) — D, cosh(Z + w))
W2[2] = Cl s
Q, cosh(Z Z,+1 inh(Z
Wi = — cosh( +w)+2(QC1—) /z) sinh( +¢u)’
el
h(Z +Q
wil) = 32 LR

2e2¢}"



Solutions

Whe (S
Ck Z Sl w SIT 22 w 5 3

k k k2 kQ,
Dy = —(§+—+Fz)(§+£—Gz)sinh(kw)+@ sinh(kw)+~—* cosh(kw)

2z
F=zx+z1ly, G=z1'x+2z



Conclusions

This extensions applied to many 2+1 systems include
» KP, BKP,CKP,mKP, 2dTL
» Dispersionless KP, g-deformed KP etc.
» all consider symmetry generating vector fields

Apply DT to MVC for solving soliton equations with self-consistent
sources

» available for 1+1, 2+1 systems

» provide non-auto-Backlund DTs.
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